Abstract. We introduce a class of cycles, called nondegenerate, strictly decomposable cycles, and show that the image of each cycle in this class under the refined cycle map to an extension group in the derived category of arithmetic mixed Hodge structures does not vanish. This class contains certain cycles in the kernel of the Abel-Jacobi map. The construction may be viewed as a generalization of Nori's construction in the case of a self-product of a curve.
Introduction
Let X be a smooth projective variety over a field, and let CH p (X) Q be the Chow group of codimension p cycles with rational coefficients modulo rational equivalence. The conjectures of Beilinson [3] and Bloch [5] predict that there is a decreasing filtration F on the Chow groups whose lower terms are given as follows (see also [15] ): the first term F 1 consists of cycles homologically equivalent to zero; and for 0-cycles (i.e. if p = dim X), the second term F 2 is the kernel of the albanese map. This filtration is closely related to a conjectural category of mixed motives. In fact, the cycle map of CH p (X) Q to an analogue of Deligne cohomology for mixed motives should be bijective, and the above filtration would be induced by the filtration on the target which is associated with a Leray spectral sequence (see [3] , [15] ).
If the base field is C, one approach toward these conjectures is based on the theory of mixed Hodge Modules ( [18] , [19] , [20] ). For a subfield k of C, we have a category of arithmetic mixed Hodge structures (or more generally, of arithmetic realizations) M k , see [22] , [23] and also [1] . This is defined as the inductive limit of the categories of mixed Hodge Modules (or of systems of realizations) on Spec R with R running over the finitely generated smooth k-subalgebras of C. This construction has been inspired by [4] , [5] , [12] , [25] , [26] , etc.
By the general theory of mixed sheaves [20] , an analogue of Deligne cohomology H i D (X, Q k (j)) is defined as a certain extension group in the derived category of M k . We can naturally construct a refined cycle map
On the target, there is a decreasing filtration F L associated with a Leray spectral sequence. By (0.1) this induces a filtration F L on CH p (X) Q which is expected to coincide with the above conjectural filtration.
The problem here is the injectivity of the refined cycle map (0.1). For codimension 2 cycles, it is reduced to the injectivity of the Abel-Jacobi map for k-smooth projective models of X when k is a number field, see [22] . However, it is not easy to verify this injectivity of the Abel-Jacobi map for any single example (except for the case where the model does not have a nontrivial two form [5] ). Therefore, we are interested to extend the class of cycles which are detected by the refined cycle map (0.1).
Let X 1 and X 2 be smooth projective k-varieties.
, where the S i are smooth affine k-varieties such that the affine ring R i of S i is a k-subalgebra of C, and the canonical morphism R 1 ⊗ k R 2 → C is injective (replacing k with a finite extension k ′ , and X i , X with their base changes by
We have the notion of a nondegenerate, strictly decomposable cycle using the cycle map (0. 
is nonzero and the image of ζ 2 by the Abel-Jacobi map is nonzero. This includes as a special case Nori's construction of cycles on a self-product of a curve of positive genus [24] . If p i = 1 and k is a number field, it follows from a conjecture of Beilinson [2] and Bloch that a degenerate cycle would be rationally equivalent to zero. If ζ is nondegenerate, we can detect it by the refined cycle map (0.1) as follows. 0.2. Theorem. Let ζ be a nondegenerate, strictly decomposable cycle of codimension p. Then cl(ζ) = 0. More precisely, if we let r = #{i :
This assertion was considered in the case when both ξ 1 1 and ξ 1 2 are nonzero in order to show the nonvanishing of the composition of some extension classes (see [21] ). In the study of Nori's construction [24] , a special case of (0.2) was obtained for a self-product of an elliptic curve without complex multiplication [17] . Then these were generalized to (0.2).
1. Arithmetic mixed Hodge structures 1.1. Let X be a complex algebraic variety, and k be a subfield of C. Then there exists a finitely generated k-subalgebra R of C such that X is defined over R, i.e., there is an R-scheme X R of finite type such that X = X R ⊗ R C. For a finitely generated smooth
be the category of mixed sheaves satisfying the axioms in [20] . For simplicity, we assume that
, the category of mixed Hodge Modules whose underlying filtered D-Modules (and polarizations on graded pieces) are defined over k R ′ , or M SR (X R ′ /k R ′ ), the category of systems of realizations, see [20] , [22] , [23] . The latter is a natural generalization of [8] , [9] , [14] , and the l-adic part is given by an l-adic perverse sheaf [4] .
We define the category of arithmetic mixed sheaves to be the inductive limit of the categories of mixed sheaves on models of X, i.e.,
where the inductive limit is taken over R ′ as above, and
This shift is necessary, because a perverse sheaf is stable by smooth pull-back up to a shift of complexes. Since the inclusion R ′ → C determines a geometric generic point of Spec R ′ , we get a canonical functor
by restricting to the geometric generic fiber X C of X R ′ . This gives a canonical functor
This is exact and faithful. We can construct canonically the standard functors
between the bounded derived categories D b M(X) k in a compatible way with the functors (1.1.2-3), see loc. cit.
1.2.
For X = Spec C, we define the category of arithmetic mixed Hodge structures or arithmetic realizations by
It has a constant object Q k . This is represented by a constant variation of Hodge structure of type (0, 0) on S := Spec R together with constant l-adic local systems on S k . We define the cohomology H i (X, Q k ) of a complex algebraic variety X in M k by taking a model of X over Spec R, and using (1.1.4). Similarly, an analogue of Deligne cohomology
If X is a smooth proper complex algebraic variety, we have a refined cycle map
which is defined as the inductive limit of the cycle map ( [22] , [23] )
Note that the notion of arithmetic mixed Module was first considered in order to get an analogue of "spreading out" of algebraic cycles [5] for mixed Hodge Modules, see [20] , 1.9.
The target of (1.2.1) has a filtration F L associated with a Leray spectral sequence, which degenerates at E 2 . This means
is injective.
1.3. Remarks. (i) Let K be a subfield of C containing k, and X a K-variety. Then we can define M(X/K) k together with a cycle map by taking the inductive limit over R ′ contained in K.
(ii) The refined cycle map (1.2.1) is compatible with the usual cycle map
by the functor (1.1.3), where the target is Deligne cohomology in the usual sense (see [2] , [10] , [11] ). In particular, it induces Griffiths' Abel-Jacobi map [13] by using the Hodgetheoretic description of the intermediate Jacobian [6] . As a corollary of the compatibility of the cycle maps, F 
It is expected that the filtration F L coincides with a conjectural filtration of Beilinson [3] and Bloch [5] .
Strictly decomposable cycles
2.1. Let X 1 and X 2 be smooth projective varieties over a subfield k of C. Put X = X 1 × k X 2 , X C = X ⊗ k C as in the introduction. We say that a cycle ζ on X C is strictly decomposable if there exist subfields K i of C finitely generated over k, together with cycles ζ i on X i,K i := X i ⊗ k K i for i = 1, 2 such that the algebraic closure k ′ of k in K i is independent of i, the canonical morphism K 1 ⊗ k ′ K 2 → C is injective, and ζ coincides with the base change of the cycle
We say that a strictly decomposable cycle is of bicodimension (
Let R i be a finitely generated smooth k ′ -subalgebra of K i such that the fraction field is K i , and ζ i is defined over R i . Put S i = Spec R i . We denote by
the Künneth components of the cycle class of
and M i,S i be its pull-back by a S i /k ′ :
, and the cycle map (1.2.1) induces
By the Leray spectral sequence, we have an exact sequence
where the first morphism is induced by the pull-back functor for a S i /k ′ . Note that ξ 
In this case, we may assume S i = Spec k ′ as long as Gr
. Indeed, we can restrict to a k-valued point of S i by replacing k if necessary. 
Definition. We say that ζ i is degenerate if ξ
If ζ is homologically degenerate, it comes from a cycle on X by the pull-back under the projection to X, because so does its cycle class. If furthermore k is a number field, it is expected that ζ is rationally equivalent to zero by a conjecture of Beilinson [2] and Bloch. If ζ is nondegenerate, we can detect it by the refined cycle map due to Theorem (0.2).
Proof of Theorem (0.2).
We may assume k ′ = k by replacing k with k ′ , and X i , X with their base changes by k → k ′ . Let π i :
denote the canonical projections. Then, by the cycle map, ζ i and ζ induce morphisms in the derived category of mixed sheaves
and ξ is the external product of ξ 1 and ξ 2 . If ξ 0 i = 0, ξ i factors through τ <0 M i , where τ is associated with a t-structure which is shifted as in (1.1.1). So we get ζ ∈ F r L CH p (X C ) Q for r as above. Then the assertion is clear if one of ξ 0 i does not vanish. Indeed, it is reduced to the case R i = k (replacing k with a finite extension if necessary), and follows from the nonvanishing of ξ
Thus we may assume ξ
Since it is isomorphic to the external product pr *
is induced by ξ. We have to show that the pull-back of ξ are nonzero, the assertion is easy, and follows from the same argument as in [22] , 4.4 (see also [21] 
corresponds to a morphism of mixed Hodge structures
and its image has level 2 by hypothesis. (Here the level of a Hodge structure is the difference between the maximal and minimal numbers p such that Gr p F = 0.) This level does not change by replacing S with any nonempty open subvariety U of S, see [7] . So we get the assertion in this case.
Now it remains to consider the case ξ by S → S 1 , and we may replace S 2 with Spec k. So the assertion is reduced to the case S 2 = Spec k, and it is sufficient to show the nonvanishing of ξ
by replacing S 1 with any nonempty open subvariety U of S 1 . Let Proof. It is sufficient to show the assertion for the underlying R-Hodge structure. Using the projections to the direct factors, we may assume that H 0 , H 1 , H 2 are simple (i.e. 2-dimensional), and furthermore H 0 is isomorphic to H 1 , H 2 (because u = 0 or v j = 0 otherwise). Let {e, e} be a basis of H 0 = H 1 = H 2 over C such that e generates F 1 , and e is the complex conjugate of e. Then u = a e ⊗ e + a e ⊗ e and v j = b j e ⊗ e + b j e ⊗ e for a, b j ∈ C. In particular, H 0 ⊗ ( j Im v j ) is contained in the subspace generated by H 0 ⊗ e ⊗ e and H 0 ⊗ e ⊗ e. Thus we get (2.5.1). This completes the proof of Theorem (0.2).
2.6. Remarks. (i) Theorem (0.2) holds also for a variety X over a subfield K of C, where the K i are assumed to be subfields of K, see Remark (i) of (1.3).
(ii) Let C be a curve of positive genus, and assume X 1 = X 2 = C, K 1 = k(C), and K 2 = k. Then (0.2) is quite similar to the construction of Nori explained in [24] . In this sense, Theorem (0.2) may be viewed as a generalization of Nori's construction.
